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RULED SURFACES WITH 7,N,B,-SMARANDACHE BASE CURVE 
OBTAINED FROM THE SUCCESSOR FRAME 


GULSAH uzun|®| SULEYMAN sENYURT|©]+, AND KUBRA AKpaG|®| 


ABSTRACT. In this study, ruled surfaces formed by the movement of the Frenet vectors of 
the successor curve along the Smarandache curve obtained from the tangent and principal 
normal vectors of the successor curve of a curve are definened. Then, the Gaussian and 
mean curvatures of each ruled surface were calculated. It has been shown that the ruled 
surface formed by the tangent vector of the successor curve moving along the Smarandache 
curve is a developable ruled surface. In addition, it was found that the surface formed by 
the principal normal vector of the succesor curve along the Smarandache curve is a minimal 
developable ruled surface if the principal curve is planar. Conditions are given for other 
surfaces to be developable or minimal surfaces. 

Keywords: Smarandache ruled surfaces, Sucessor curve, mean curvature, Gaussian curva- 
ture. 
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1. INTRODUCTION 


The image of a function with two real variables in three-dimensional space is a surface. 
Surfaces are used in many fields, such as architecture and engineering [26]. In 1795, Monge 
defined the ruled surface as the surface formed by the movement of the line along the curve. 
Any ruled surface is formed as a result of the continuous movement of a line along any curve. 
These curves are called the base curve and the director curve, respectively. The curvature 
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of surfaces was defined by Gauss in the 19th century, and therefore it was named Gaussian 
curvature [19]. Gaussian curvatures are related to the dimensions of the surface [27]. Since 
the average curvature of the surface is a ratio, it is independent of the size of the surface. 
Thus far, many studies (6) [71 (8) (9) on the Gaussian curvatures of surfaces 
have been conducted. 

There are many special curves in differential geometry. One of them is the successor curve. 
This curve is defined as, there is a new curve, such that the tangent of one curve the principal 
normal of the other curve, by Menninger in 2014. Later, Masal investigated the 
relationships between the position vectors of this curve and defined Successor planes. Thus 
far, many studies have been conducted on this concept [5] [30]. Another special curve is the 
Smarandache curve defined in Minkowski space [2} [21] [28} [29]. 

In recent years, many studies have been carried out on ruled surfaces whose base curve is 
Smarandache curve. Some of these studies can be accessed from [4} [25]. 

In this paper, we present some special ruled surfaces with TN, B,-Smarandache curves 
obtained from their successor frames. We then investigate the properties of these ruled 
surfaces by means of Gaussian and mean curvatures. We obtain the conditions that which 
of these surfaces developable and which of these minimal. At the end, we visualise the main 


idea by providing four examples. 


2. PRELIMINARIES 


This section provides some basic notions needed to be the following sections. Throughout 
this paper, let a = a(s) and 6 = 8(s) be two differentiable unit speed curve in E? and their 
Frenet aparatus be {T, N, B,«,7} and {71, Ni, Bi, «1, 71}, respectively. Then, 


= B=TAN, k= a's f= N52). 


/ 
a 
N=—_ 
Ilo" 


T = «kN, N =-«T+7B, B’=—-tTN. 


The surface formed by a line moving depending on the parameter of a curve is called a ruled 
surface, and its parametric expression is X(s,v) = a(s) + vr(s). Here, v is a constant. 
Besides, a and r are referred to as the base curve and the director curve of X, respectively. 
The normal vector field Nx, the Gaussian curvature Kx, and the mean curvature Hx of 


X(s,v) are as follows: 


XANAX, 
ie =. 21 
x 1X5 A Xp| (21) 
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aa ie Eg —2fF +eG 
= ———_— — 2:2 
Kx= FG Re 9X > —~oqG@— Fy” 2) 
Here, 
L= (Mei Me) R= (X5,Xv), G= (Xp, Xv) , (2.3) 
ES (Xsei Nx), f = (Xsv, Nx) > I= (Xu Nx) : (2.4) 


Definition 2.1. [11] [14] Jf the unit tangent vector of a is the principal normal vector of 8, 


then GB is called Successor curve of a. 


Theorem 2.1. Let 8 be the Successor curve of a. Frenet apparatus of 3 curve is as 


follows: 
T, =-—cosON+sin0B, Ni, =T, By =sinON+cos@B, KK, =Kcosé, 7% = Ksind. 
where, 0 is the angle between binormal vectors B and By and 6(s) = 69 + { T(s)ds. 


Definition 2.2. A regular curve in Minkowski space, whose position vector is obtained 


by Frenet frame vectors on another regular curve, is called a Smarandache Curve. 


Let 6 be the Successor curve of a. It can be observed that the unit curve y, inspired in 
11], produces Smarandache curves, for all s € J C R, such that 


DON aes. 
+(s) = ec a,b,c ER. 
Var+h +c 


Here, if a, b, and c are nonzero the Smarandache curves produced by y(s) are denoted by 


{T N B}-Smarandache Curves. This paper consider {TN B}-Smarandache Curves. 


3. RULED SURFACES WITH 7)N;.B,-SMARANDACHE BASE CURVE OBTAINED FROM THE 


SUCCESSOR FRAME 


In this section, firstly we define some special ruled surfaces with TN; B,-Smarandache 
base curve obtained from the successor frame. Then we examine the properties of these 
ruled surfaces by means of Gaussian and mean curvatures. And we give the conditions of 


being developable or minimal surface. 


Definition 3.1. Let the successor curve of the a curve be 2. The ruled surface formed 
by targent vector T, the vector along the T\.N,B, Smarandache curve obtained from the T; 


targent vector, Ny principal normal vector and By binormal vector of the 8 curve as follows: 


®(s,v) = rita +Ny+ By) + vT\ 
(3.5) 


(T + (sin @ — cos@)N + (sin@ + cos @)B) + v(—cos@N + sin OB). 
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Theorem 3.1. Let the successor curve of the curve a be 8. The Gaussian and mean curva- 
ture of the ®(s,v) ruled surface are as follows: 

—3 cos? @ sin? 6(((1 + v3) cos 6 — sin #)? + sin? 6) 


Ko = T 
(sin? + ((1 + vvV3) cos 6 — sin 6)”) : 


p) 


V3nsin (2 cos? 6 — (((1 + vV3) cos 6 — sin0)” + 1)) — /3r(1 + vv3) 


Hg = : 
2«( sin? @ + ((1 + v3)? cos @ — sin )*) ? 


Proof. Partial derivatives of equation (3.5) are, 


®,= l(a + vV3) cos 9 — sin6)T +N), ®,=—cosON+sinOB, 5, = KcoséT, 
(«/((A + v3) cos — sin) — K? — K7((1 + vV3) sind + cos) ) T 
+(x! + K?(sin 6 — (1 — v3) cos))N + kB 

®., = » By =0 


V3 
Thus, from equation (2.1) the normal of the surface N@ is given as 
_ sindéT — sin @((1 + v3) cos 6 — sin@) N — cos 6((1 + vv) cos @ — sin 8) B 


& — T 
(sin? 4 + ((1 + vv3) cos 6 — sin 6)”) ‘ 


Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are 


K2 K cos 8 
Es = —(((1 3)cos@—sin@)?+1), Fe=- , Ge=1, 
ay ((( + vV3) cos sin@)* + yy b A b 
K? sin @(sin@ — (1 + vV3) cos 9 + 1) + Kr(1 + vv3) 

eo = T ; 

V3( sin? 6 + ((1 + vv3) cosé — sin#)”)* 

Kcos@ sin @ 

fo = 1? go = 90 


(sin? 6 + ((1+ vV3) cos 6 — sind)” ‘ 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. 


Corollary 3.1. Let the successor curve of the a curve be 8. If a@ curve is planar and 


06=an+kr (kEN), the ruled surface ®(s,v) is the minimal developable surface. 


Definition 3.2. Let the successor curve of the a curve be B. The ruled surface formed 
by principal normal normal vector N, along the T,N,B, Smarandache curve obtained from 


the T, targent vector, Ny principal normal vector and By binormal vector of the B curve as 
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follows: 
Q(s,v) = mite +N, + By) +N, 
(3.6) 


= wet (sin @ — cos 0)N + (sin + cos 0)B) + vT. 


Theorem 3.2. Let the successor curve of the a curve be 8. The Gaussian and mean curva- 


ture of the Q(s,v) ruled surface are as follows: 


3 
Kg=0, Ho= var 
2K(1 + vV3) 
Proof. Partial derivatives of equation (3.6) are, 


Qs; = FF ((cos —sin0)T + (1+ vvV3)N), Qv =T, Qsv = KN Quy = 9, 


(x! (cos @ — sin 8) — Kr (cos @ + sin) — K?(1+ vV3))T + (2 (cos@ — sin 8) + «/(1 + vV3))N + 47(1+ 0V3)B 


Qss > 
V3 


Thus, from equation (2.1) the normal of the surface Ng is given as Ng = —B. Moreover, in 


equaitons (2.3) and (2.4) the coefficients of fundamental forms are 


2 
Eg= S ((cos@ — sin 8)” + (1 + 0v3)’), Fa = Tq (cos0 — sin 6), Ga =1, 


KT 
eo == 
* 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. 


(1+vv3), fo=9q =0. 


Corollary 3.2. Let the successor curve of the a curve be 8. If a curve is planar, the ruled 


surface Q(s,v) is the minimal developable surface. 


Definition 3.3. Let the successor curve of the a curve be 8. The ruled surface formed by 
binormal vector B, the vector along the T,N,B, Smarandache curve obtained from the T 


targent vector, Ny principal normal vector and B, binormal vector of the 6 curve as follows: 


M(s,v) = gg(Ti + Ni + Bi) + vB oo 
a7 


= q(T + (sin@ — cos @)N + (sin@ + cos0)B) + v(sind6N + cos @B). 
Theorem 3.3. Let the successor curve of the a curve be 8. The Gaussian and mean curva- 
ture of the M(s,v) ruled surface are as follows: 
—3 sin? 6 cos? 0 
(cos? 9 + (cos@ — (1+ vv3) sin0)”) 
—/3K cos 0(2 sin? +(cos @ — (1 + v3) sin)? + 1) — V3r(1 + v3) 
5 : 


2r( cos? 9 + (cos@ — (1+ vv3) sin6))* 


Ku = 


Hy = 


184 G. UZUN, S. SENYURT, AND K. AKDAG 
Proof. Partial derivatives of equation (3.7) are, 


v3 


M,y = —KsindT, My, = 0, 


M, = —s((cos0 — (1+ vV3)sin0)T +N), M, =sinON + cos6B, 


(/(cos @ — (1 + v3) sin @) — Kr(sin 6 + (1 — v3) cos 6) — K?)T 
+(x! + «(cos @ — (1 + v3) sin@))N + «7B 


V3 


Thus, from equation (2.1) the normal of the surface Nj, is given as 


cos @T — cos 6( cos @ — (1 + v3) sin@) N + sin @(cos 6 — (1+ vV3) sin 6) B 


Nu = 
(cos? 9 + (cos@ — (1+ vv3) sin 6)”) 


a 
2 


Moreover, equations (2.3) and (2.4) the coefficients of fundamental forms are 


2 in@ 
Ey = = (cos — (1+ vv3)sind)? +1), Pu = Gy =1, 
—KT(1+ vV3) — K? cos O((cos 6 — (1 + vV3) sin 8)? + 1) 
eM = 1 ’ 
V3( cos? 4 + (cos@ — (1+ vv3) sin )”) : 
—K sin ™ cos 8 
fu = » gm =0. 


(cos? 0 + (cos@ — (1+ vV3) sin6)”)* 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. 
Corollary 3.3. If the? =a+kr (k EN), the ruled surface M(s,v) is a developable surface. 


Definition 3.4. Let the successor curve of the a curve be 8. The ruled surface formed by 
T,.N, the vector along the T,N,B, Smarandache curve obtained from the T, targent vector, 


N, principal normal vector and By, binormal vector of the 8 curve as follows: 


u(s,v) = wl +N, + Bi)+ aie + Nj) 
(3.8) 


= oT + (sin @ — cos6)N + (sin@ + cos@)B) + 43(T — cos@N + sin OB). 
Theorem 3.4. Let the successor curve of the a curve be 8. The Gaussian and mean curva- 


ture of the y(s,v) ruled surface are as follows: 


K,= —6sin* 0 


(v2 + vvV3)? sin? 6+ ( — V2sin2 6+ (V2+ vvV3) cos @ sin 8) *(/2cos 4 sin 0 = (V2 + vv/3)(cos? O+ 1))’). 


(((v2+ vvV3) cos 6 — V2sin 6)” + (V2 + vvV3)2 — sin? @) 
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2V6xnsin? 6 — V6nsin O( (V2 + vv3) cos — V2sin8) ) - 2V6r(Vv2 + vv3) 
((v2 + vv3)? sin? @ + ((V2 + vV3) cos @sin @ — V2sin ) 


(V2 + vvV3) cos 6 sin @ — V2 cos? @)”) 
n(((v2 + v/3) cos 0 — V2sin 6)” + (V2 + vV3)? — sin? 0) 


Proof. Partial derivatives of equation are 
ie a (((v2 + vv3) cos@ — V2sin8)T + (V2 + vv3)N ), 


K 
sv = —=(coséT + N), 
lu Ja! ) 
ee Gi —cosON+sinOB), py = 0 
J2 
— 


(/2 + vvV3) 3)(K! cos 6 — KT sin 8 — 6?) — V2(x! sind + Kr cos 6) ) 
Uss = 


T 
(« 2((/2 + vV3) cos 6 — V2sin@) + (V2 + vv3)x!) N + (V2 + vv3)a7B 


V6 
Thus, from equation (2.1) the normal of the surface N,, is given as 


N= (V2 + vV3) sin OT 


(V2 + vV/3) cos @sin @ — /2sin 


)N = ((o/2 + vV3)(cos? 6 + 1) — 
((v2 + vv3) sin? 0 + ((V2 + vV3) cos sin 6 — V2sin? 0)? + ((/2 + vV3)(cos? 6 + 1) V2 cos 6 sin 6) ye 


V/2cos@sin 0)B 


3 = 
Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are 
2 : 
Ey, = ~(((v2+ vvV3) cos @ — V2sin@)? + (V2 + vV3)”), F,= aon 


? G =1, 
V6 


Iu = 0, 


Qe (V2 + vV3) +k sin 6(((V2 + vV3) cosé — V2sin8) + (v2 + vv3)?) 
eu = 
V6((V2 + vV3)? sin? 6 + ((V2 + v3) cosO sind — V2sin ) 
fu = 


((V2 + vV3) cos 6 sin 6 — V2cos )”) 


NIF 


«sin? 6 
((v2 + vv3)? sin? 9 + (v2 2 + vV3) cos sin @ — /2sin? 6)? + 


= 
((V2 + vV3) cos 6 sin 8 — 2 cos? 0)”) ae 
respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found 


Corollary 3.4. If the0@ =k (k EN), the ruled surface u(s,v) is a developable surface 


Definition 3.5. Let the successor curve of the a curve be 8 


The ruled surface formed by 
T, B, the vector along the T,N,B, Smarandache curve obtained from the T, targent vector. 


N, principal normal vector and By, binormal vector of the 8 curve as follows 


w(s,v) = ain + Mi + Bi) + va (Ti + Bi) 
— wT + (sin@ — cos@)N + (sin@ + cos @)B) 


(3.9) 
a ((sin@ — cos@)N + (sin @ + cos @) B) 


NIK 
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Theorem 3.5. Let the successor curve of the a curve be 8. The Gaussian and mean curva- 


ture of the w(s,v) ruled surface are as follows: 


—6(cos? 9 — sin? 6)? 


Ky = | 
, (2(sin + cos 0)? + (/2 + vV3)?((sin? 6 — cos? 6)? + (sin 20 — )?)), 
(1 — sin 20) ((V2 + v3)? — 1) + 2) 
3x(sin 6 + cos 4) ((V2 + vV3)?(sin 20 — 1) + 2(sin @ — cos @)? — 2) 
—37(V2 + vV3) 
Hy = 


NI 


V6(2(sin 4 + cos 0)? + (/2 + v3)? ((sin? 6 — cos? 8)? + (sin 20 — 1)).) 
(1 — sin 20) ((V2 + vV3)? — 1) +2) 


Proof. Partial derivatives of equation (3.8) are, 


iy = vel (v2 + vV3)(cos @ — sin 0)T + V2N), Vag yo — sin d)T, 
i 4. 7 
= pe —cos@)N + (sin6+cos@)B, wy = 0, 
(((v2 + vV3)(k! (cos @ — sin @) — K7(sin 8 + cos @)) — V2K?)T 
r +(v2x! + 6? (/2 + vvV/3)(cos 0 — sin 6))N + /2«7rB 


V6 
Thus, from equation (2.1) the normal of the surface Ny is given as 


V2(sin 6 + cos @)T + (/2 + vV3)(sin? 6 — cos? 0)N + (/2 + vV/3)(sin 26 — 1)B 


Ny = i 
(2(sin 9 + cos 6)? + (V2 + vV3)?((sin? 6 — cos? 0)? + (sin 20 — 1))) ° 


Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are 


bo 


Ey = = ((v2+ vvV3)2(1 — sin 20) + 2. y= alin =<cost), Go=l, 
KT (4 — 2uV/6) + «(sin + cos) (2 + (V2 + vV3)?(1 — sin 26)) 
Cy = cs 
V6(2(sin 4 + cos 0)? + (/2 + vv)? ((sin? 6 — cos? 6)? + (sin 20 — 1)?)) : 
a —K(cos? 9 — sin? 0) est 


(2(sino + cos 6)? + (2+ vvV3)? ((sin? 6 — cos? 6)? + (sin 26 — 1))) 2 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. 


Corollary 3.5. If the 0 = 7+ ke (k € Z), the ruled surface w(s,v) is a developable surface. 
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Definition 3.6. Let the successor curve of the a curve be 8. The ruled surface formed by 
N, By, the vector along the T,;N,B, Smarandache curve obtained from the T; targent vector, 


N, principal normal vector and B, binormal vector of the 8 curve as follows: 


n(s,v) = wT +N, +B) + va (M1 + By) 


(3.10) 


= aT + (sin 8 — cos#)N + (sin@ + cos@)B) + 4(T + sin@N + cos OB). 


Theorem 3.6. Let the successor curve of the a curve be 8. The Gaussian and mean curva- 
ture of the n(s,v) ruled surface are as follows: 
—6 cos* 6 
((v2 + vv/3) cos 0)” = (V2 cos? 6 — (/2 + vV3) sin @ cos 0)” 
+(vV/2cos 0 sin 6 — (2 + vV3)(sin? 6 + iy 
((v2cos 0 — (f/2 + v3) sin)” + (/2 + vV/3)? — cos? 0) 


K,= 


' 67 (V2 + v3)? + 34: cos 6( (v2 + vv)? + (V2cos 0 — (V2 + vv3) sin 0)” — 2cos* 6) 


i 
2 


((v/2 + vv3) cos 0)” — (V2 cos? 6 — (V2 + vv3) sin @ cos)” 
+(V2cos 6 sin 0 — (/2 + vV3)(sin? 6 + 1)) 
((v2cos 0 — (/2 + vV3) sin 0)” + (/2 + vV/3)? — cos? 6) 


V6K 


Proof. Partial derivatives of equation (3.10) are, 


GS Sq ((V2 e088 — (V2+ vvV3) sin 0)T + (V2+0v3)N), i — a cal N), 


1 
ty = 5(T + sin ON +cosOB), tw =0, 


('(v2cos0 — (V2 + v3) sin 6) — K7((V2 + vV3) cos 8 + V2sin 8) — K?(/2 + vy3))T 
+(x!(v2+ vV3) + K?(V2cos 6 — (V2 + vV3) sin )).N + «7(V2 + 0V3)B 


V6 


Nes = 


Thus, from equation (2.1) the normal of the surface N,, is given as 


(2+ vvV3) cos 0)T — (/2 cos? 0 — (2 + vV3) sin 8 cos 0)N 
+(V/2cos Osin 6 — (V2 + vV3)(sin? 6 + 1))B 
p= i 


(v2 + vV3) cos 0)” + (V2 cos? 6 — (2+ vV3) sin 6 cos 9)” 
+(vV/2cos 0 sin 6 — (V2 + vV3)(sin? 6 + 1H) 
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Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are 


Ey, = © ((v2cos8— (V2 + vv3) sin 6)” + (v2 + vv3)?), Fy, = aa Gy = 1, 


—2K7 (V2 + v3)? — K? cos (v2 + vv)? + (V2cos0 — (V2 + vv) sin 6)”) 


ey = . 
J (V2 + vv) cos 0)? + (V2 cos? 6 — (\/2 + vV3) sin 8 cos 0)” 
+(V/2cos 6 sin — (2 + vv) (sin? 6 + 1))’ 
—K cos? 6 
tn = > In= 0 


((V2 + vV3) cos 6)? + (20s? 4 — (V2 + vV3) sind cos 8)” 
+(V2cos 0 sin 9 — (2 + vV3)(sin? @ + 1))? 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. 


Corollary 3.6. If the =5+kn (k EN), the ruled surface n(s,v) is a minimal developable 


surface. 


Definition 3.7. Let 8 be the Successor curve of a. The ruled surface formed by TN, By, 
the vector along the T,.N,B, Smarandache curve obtained from the T, targent vector, Ny 


principal normal vector and B, binormal vector of the B curve as follows: 
I(s,v) = y(t +N, + By) + wlth +N, +B,) 


= ale + (sin @ — cos 6)N + (sin@ + cos 6)B) + a(P + (sin @ — cos @)N + (sin @ + cos 0) B) 

(3.11) 
Theorem 3.7. Let 2 be the Successor curve of a. The Gaussian and mean curvature of the 
I'(s,v) ruled surface are as follows: 


V3r + V3«((sin @ + cos 6)(sin 6 — cos @) cos 20 
2K(1 + v)(2 — sin 20)V/2 + sin 20 


Proof. Partial derivatives of equation (3.11) are, 


Kp=0, Hr= 


1 
T, = oon ((cos 4 —sin@)T +N), ‘en = (cos 8 - sin9)T + N), 
1 
lr, = —(T + (sin@ — cos 6)N + (sind + cos0)B), Tw =0, 


V3 

(1+ v)(x’ (cos @ — sin @) — K7(sin 8 + cos 6) — K?)T + (kK! + (sin — cos6))N + «7B 
V3 

Thus, from equation (2.1) the normal of the surface Np is given as 


(sin 6 + cos 0@)T — cos 20.N + sin 20B 
V2 + sin 20 


T'ss = 


Np = 
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Moreover, in equations (2.3) and (2.4) the coefficients of fundamental forms are 


201 2(2 — sin 26 
mp = SE sin ) ob, Csi, 


KT(1+1v) + «(1 + v)((sin6 + cos 4) (cos 6 — sin @) cos 26) 
ep = ’ 
V6+4+ V3sin 26 


respectively. Thus, by using equation (2.2) the Gaussian and mean curvatures are found. O 


r=0, gr=0 


Example 3.1. Let 8 Salkowski curve be the Successor curve of a. The equation of this 


curve form = ; is as follows: 


B(s) = as ~ oss (sina?) s) hors (Sin(“5")) 5 sins, 
V10 SA40-1 ( cos(18+2)5) + 240-4 ( cos(49-2)s) + 5 COS s, 3 cos(5) 


The Successor frames of 3 curve {T,,.Ni, Bi} are as follows: 


T\(s) = ( — COS $ COS an Fi sin s sin ia) — sin scos 75 + Fis cos § sin Tio? Tt sin qa : 


By(s) = ( —cos ssin i a Tis sin s cos am — sin scos [5 + Fi COS S COS aT 0 cos a ) 


The graphs of the ruled surfaces obtained from these frames for s € |[—1,7] and v € [—1,1] 


are shown figures {1} (4 


FIGURE 1. The ruled surface ®(s,v) = (Th +N, + By) +v0T, 
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FIGURE 2. The ruled surface Q(s,v) = ah +N, + Bi) +uM 


LS 


FicuRE 3. The ruled surface M(s,v) = 73(T1 + Ni + Bi) + Bi 
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iS. 45 I 


FicurE 4. The ruled surface p(s,v) = weital +N, + By) + T, +1) 


ah 


192 G. UZUN, 8S. SENYURT, AND K. AKDAG 


FicurE 6. The ruled surface 7/(s, v)45(Ti +N, + Bi)+ (M1 + By) 


FIGURE 7. The ruled 
surface I(s, v) = ALT; +N, + B,) + (Ti + Ny + By) 


v3 v3 
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Example 3.2. Let the Salkowski curve in Example be the main curve. From and 
Theorem|2. 1] the Successor frames are as follows: 


— cos ( [ tan Feds) (F sin s) { sin ( f tan Z,ds) ( — cos ssin 55, - Fa sin s cos Sa): 
Ti(s) = cos ( f tansinds) (Fa cos s) sin ( f tan s55ds) (—sinssin aa + Jip C08 § COs Fa): , 


cos ( [ tan ods) He + sin ( f tan ods) (F, cos Fa) 


8 di < : 8 3 . 8 
Vio + Vio IB SSIN TH+ Fz SID Fp i, 


Ni(s) = ( — COS S COS 10 - Tyo Sins sin Vio ~ Sin s cos 


sin ( f tan 55ds) (sz sins) cos ( f tan = ds) ( cos s sin = + Fz sin scos = ), 


V10 V10 V10 
Bi(s) = —sin (f tan Fi 48) Aa cos s) cos ( f tan ods) (sin s sin To - Fa COS $ COS aa 


( 
( 


—sin Jf tangs) Fy + cos ( f tan yds) (Fy cos Fi) 


The graphs of the ruled surfaces obtained from these frames for s € |[—1,7] and v € [—1,1] 


are shown figures |} 14; 


FIGURE 8. The ruled surface ®(s,v) = (Th +N, + B,)+vT; 
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FicurE 9. The ruled surface Q(s,v) = Ai (Ty, + Ni + By) + uN, 


al 


FicureE 10. The ruled surface M(s,v) = (Th +Ni+Bi)+vBy 
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FIGuRE 11. The ruled surface pu(s,v) = (Th +N, + Bi) + wpAee +N) 


FIGURE 12. The ruled surface ~(s,v) = (7, + Ni + By) + 4(T% + Bi) 


3 V2 
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FIGURE 14. The ruled 


surface ['(s,v) = q(T +N, + By) + yah +N, + Bj) 
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Example 3.3. Let 8* anti Salkowski curve be the Successor curve of a. The equation 


of this curve form = 7 is as follows: 


ayo — 570 van 8S + cos( A, )s )) + § sin ssin 758, 
2 — aan (Fn sin + cos(5)s s)) + 2 cos s sin To vi (ass sin(5)5) 


The Successor frames of B* curve {T{, Nj, BY} are as follows: 


Ti (s) 


II 


; 7 8 3 8 
( cos ssin ati + Fa sin s cos vid? sin s sin Vio Fs cos S COS Tio? Vio cos Vio ) ) 


* 
By (s) — — cos s cos — sin s sin — sin s cos a cos s sin 
VIO Tia Yio’ Yio Tis 


3 : s 
Yio’ Vio" Fro ). 


The graphs of the ruled surfaces obtained from these frames for s € |[—1,7] and v € [—1,1] 


are shown figure {15421}; 


FIGuRE 15. The ruled surface ®(s,v) = rite +N, + By) +vT, 
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FIGuRE 16. The ruled surface Q(s,v) = (Th +N, + Bi) +N, 


FIGURE 17. The ruled surface M(s,v) = rite +N, + Bi)+vBy 
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—O0A 


— 0.6 


—0.8 


eh Ss 6a Os 


FIGURE 18. The ruled surface pu(s,v) = (Th +N, + Bi) + yal +N) 


FIGURE 19. The ruled surface ~(s,v) = (Th +N,+B,)+ -%(T% + Bi) 
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FIGURE 20. The ruled surface n(s,v) J (Ti +N, + By) + aM + By) 


FIGURE 21. The ruled 
surface I'(s,v) = &(T, +N, + Bi) + 4(%, +N + By) 


v3 v3 
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Example 3.4. Let the Salkowski curve in Example be the main curve. From and 


Theorem|2. | the Successor frames are as follows: 


cos(s 4 MG sins) + sin(s + c)(— cos s cos o vi sin s sin a) 
(= cos(s + UA cos s) + sin(s + c)( — sins cos i + a COs s sin Jip) ; 


—cos(s + OF +sin(s 4 (ap sin Fa) 


— cos ssin sin s Cos ,— sin ssin aa COS § COS 


3 
Ni(s) = 10 + Ti v0 10 ar v10’ 
——2- cos 
v10 Yi 
sin(s + (a5 sin s) + cos(s + c)(— cos s cos oa vi sin s sin Sia) 
By(s) =] sin(s + MAG cos s) + cos(s + c)( — cos s cos wa Tio sin ssin Ta) 
sin(s + Orr + cos(s + (Fp sin Fa) 


The graphs of the ruled surfaces obtained from these frames for s € [—1,7] and v € [—1,1] 


are shown figures {22428} ; 


FIGURE 22. The ruled surface ®(s,v) = 


wlth + Ny; + By) +vT 
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FIGURE 23. The ruled surface Q(s,v) = 3 (Th +N, + By) +uM, 


FiGuRE 24. The ruled surface M(s,v) = (Th +N, + Bi)+vBy 
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FIGURE 25. The ruled surface pu(s,v) = (Th +N,+Bi,)+%(% + ™) 


FIGURE 26. The ruled surface ~(s,v) = (Th +N, + Bi) + yall + By) 
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o —05—! 


FIGURE 27. The ruled surface 7(s, v)75(Ti +N, + By) + 


FIGURE 28. The ruled 
surface I'(s,v) = &(T, +N, + Bi) + 4(%, + Ni + By) 


v3 v3 


ne 


V2 


1.5 


(Ni + By) 
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4. CONCLUSION 


This study defined ruled surfaces which one their base curve are T;.N;B,-Smarandache 


curve. There base curves targent vector, normal vector and binormal vector is successor 


curves Frenet aparatus. The Gaussian and mean curvatures of the surfaces were obatined 


using the coefficients of the first and the second fundamental forms. The conditions for the 


surfaces to be developable and minimal were given. These surfaces were drawn. This paper 


can be studied in Euclidean, Lorentz and dual space. New ruled surfaces can be defined and 


similar work can be done, by changing the base curve. Also, the singularity of surfaces can 


be 


10 


11 


12 


examined. 
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